We give necessary and sufficient conditions for a homotopv cartesian square to be homotopy cocartesian. Specializing, we obtain a necessary and sufficient condition for a fibration to be a cofibration. We applv the above to localization of spaces and to acyclic maps.
2. Squares. See [7] for definitions and properties of homotopy cartesian and homotopy cocartesian squares. Given maps /: A -B and g: Y -B. form the homotopy cartesian square u X ¿,. (ii) Fr is contractible.
(iii) Fr is acyclic (i.e., H+( Fr) = 0). (iv) There exists a set of primes P such that one of the homologies, Ht(Ff) and Ht(F ), is P-torsion and the other is uniquely P-divisible.1
To prove the theorem, we need the following algebraic lemma. Proof of (2.5). The equivalence of (i) and (ii) follows from Whitehead's theorem, and (ii) =» (iii) is trivial. ' The equivalence of this condition with (i)-(iii) was suggested by the referee, who also brought Lemma (2,6) and its proof to my attention.
(iii) ==• (ii). Nomura [8, Theorem (3.4) ] (see also [7, Theorem 47] ) has shown that the fibre Fr of r is homotopy equivalent to the join Ff * Fg of the fibres of / and g.
The homology of this join is [6] (2.7) Hl + l(F,*Fg)= 0 //,(/y)®//,(/;)© 0 Tor(£,(Jy), Hj(Fg)). i+i=t i +j = i -i
In particular, 0 = /V,(Fr) = H"(F¡) ® H0(F ). Since /V0(-) is either trivial or free abelian, either Ff or F must be O-connected. Then Ff * Fg is 1-connected [6] , and being acyclic, it is contractible.
(iii) » (iv) follows from (2.7) and Lemma (2.6) applied to A = ©//^/y) and
Ä=e,//,(FÄ).
(2.8) Remark. When P is empty, condition (iv) means that one of the fibres is acyclic.
(2.9) Corollary.
With the same hypothesis of Theorem (2.5), we have: (a) //one of F< or F is acyclic, then f and g are a bicartesian pair. (a) (*) is also a cofibration iff there exists a set of primes P such that one of the homologies, H_( /y ) and Ht(tlB), is P-torsion and the other is uniquely P-divisible.
(b) If FAs acyclic, then (*) is also a cofibration.
(c) //W|(/3) =£ 0, then (*) is also a cofibration iff F, is acyclic.
3. Localization. We apply the above to the following situation: let P be a set of primes, A and F nilpotent spaces (see [4] ); B -XP, the /^-localization ol A, and /: X -XP is a /?-localizing map. We also assume that F is a /'-local space; g: Y -XP is any map. The maps f and g are a bicartesian pair iff either both /y and Fg are O-connected, or at least one of these fibres is acyclic. The fibration Ff -» A -XP is also a cofibration iff either XP is 1 -connected, or X is P-local.
Proof of (3.2). In view of (2.4) and (3.1), we need only show that Ff acyclic implies that X is P-local.
The fibre Ff is a nilpotent space [4, p. 62], so that 7r,(/y) is a nilpotent, perfect group (Ff acyclic); thus it is trivial, and Ff is a 1-connected acyclic space, hence contractible. Then/is a homotopy equivalence, showing that Ais P-local.
Proof of (3.1). (=>) This follows from (2.9)(b).
(<=) If one of the fibres is acyclic, use (2.9)(a). So assume that both fibres are O-connected; then Ff and Fg are nilpotent spaces and we claim that Fg ~ (Fg)P and (Ff)P -*. This implies that H_(Ff) is /^'-torsion and that H^(FA is uniquely P'-divisible, where P' is the set of primes complementary to P. Now use (2.5)(iv).
To complete the proof, consider the homotopy commutative diagrams:
m is a homotopy equivalence. So that from u ° f -*, we obtain that / -*, and this implies that /itself is null-homotopic. For the next result, cf. 
